TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 349, Number 2, February 1997, Pages 605-639
S 0002-9947(97)01547-X

CONGRUENCES, TREES, AND p-ADIC INTEGERS

WOLFGANG M. SCHMIDT AND C. L. STEWART

ABSTRACT. Let f be a polynomial in one variable with integer coefficients,
and p a prime. A solution of the congruence f(z) = 0(mod p) may branch out
into several solutions modulo p2, or it may be extended to just one solution,
or it may not extend to any solution. Again, a solution modulo p? may or
may not be extendable to solutions modulo p3, etc. In this way one obtains
the “solution tree” T = T(f) of congruences modulo p* for A =1,2,.... We
will deal with the following questions: What is the structure of such solution
trees? How many “isomorphism classes” are there of trees T'(f) when f ranges
through polynomials of bounded degree and height? We will also give bounds
for the number of solutions of congruences f(z) = 0(mod p*) in terms of p, A
and the degree of f.

INTRODUCTION

The tree U = U(p) of residue classes modulo powers of a given prime p is defined

as follows. Consider the diagram
{0} = 2/p°Z = ZJp'Z 22 2/ p*L — -

where the ®) are the natural homomorphisms. The vertices of U are the elements
of Z/p*7Z for A = 0,1,..., and the directed edges are u — v where u € Z/p*Z,
v € Z/p*'Z and ®,(u) = v for some A > 0. Thus U is a rooted tree with root
{0}. Exactly one directed edge emanates from each vertex of U, except for the
vertex {0}, from which no edge emanates. On the other hand, every vertex is the
end point of precisely p directed edges. The notation u > v for vertices will mean
that there is a sequence of vertices and edges © — v — -+ — u(®) = 4. Thus v
is obtained from u by a finite number of applications of homomorphisms ®,. We
will write v = v if u > v or u = v. The level A(u) of a vertex u is X if u € Z/p*Z.
A subtree, or simply a tree, is defined as a nonempty subset T' of the vertices of U
such that when v € T and u > v, then v € T. Thus T together with the directed
edges u — v where u,v € T is again a tree with root {0}. But we will identify
subtrees with their set of vertices. An example of a tree is the tree L” consisting
of all vertices u € U of level < v.

Given x € Z (or € Z, where Z, is the ring of p-adic integers), we will write
xy for its residue class modulo p?, i.e., its image under the canonical isomorphism
Z — ZJp*Z (or Zp — Zyp /P Zy). Every vertex of U is of the type z) with z € Z,
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FIGURE 1. (p =3)

A € Z>. Now when 0 = o = A, we have x;, < x, and for z,y in Z or Z, we note
that xx =y implies z, = y,. We have

) (xy)x = 0y if and only if there exist integers p and v with p+v = A
(1) for which z, =0 and y, = 0.

Now let f € Z[X] or € Zy[X]. We define T'(f) to consist of vertices x) where
x € Z, A 2 0, such that (f(z))x = Oy, i.e., f(x) =0 (modp*). When z) € T(f)
and p < A, then z, € T(f), so that T'(f) is a tree, the solution tree of f.

Basic to our investigation will be a notion of products of trees. Given trees
S, T C U, we define ST to consist of vertices v for which there are s € S, t € T
with s £ u, t £ wand A(u) £ A(s)+ A(t). See Figure 1, where the underlying prime
isp=3.

Put differently, x € ST if there are y,v with z, € S, z, € Tand p S\, v S A,
A < p+wv. Clearly ST is again a tree, and ST contains S UT. The conditions
1S A, v = A are not necessary, i.e., xx € ST if there are p, v with z, € S, z, € T
and A £ u + v. We now observe that

(2) T(f9) =T()T(9)

for any polynomials f, g : for 2\ € T(fg) precisely if (f(x)g(z))x = 0x, which by (1)
is the same as (f(z)), = 0,, (9(2)), = 0, for p,v with p+v 2 X, ie., z, € T(f),
x, € T(g) for p,v having p+ v = A, and this is the same as zx € T'(f)T(g).

In part I of this paper we will study the set 7 of trees T' C U as a structure with
the binary operations of product and intersection. In part II we will study solution
trees of polynomials using this structure. Among our results will be the following.

A stalk is defined as a tree K having at most one vertex at each level. Thus a
stalk is either finite, of the type {0} « u(®) «— .. « u() or infinite, of the type
{0} — uM) «— ... Clearly a finite stalk may be written as {0} — 2y -+ —1x,
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with « € Z, and an infinite stalk as {0} « z1 < --- with # € Z,. Note that there
is a 1-1 correspondence between infinite stalks and p-adic integers. In fact p-adic
integers could be defined as infinite stalks.

Theorem A. Let P consist of U and of products of finitely many stalks, i.e., trees
of the form Ki - - - K,, with stalks K1, ..., Ky, (with the empty product interpreted
to be the tree L° = {0}). Then P is a substructure of T, i.e., it is closed under
intersections.

Note that P is trivially closed under products. Theorem A will be proved in the
context of rather more general trees than the trees U(p).

We will show that every solution tree T'(f) lies in P. It is U when f = 0, and
is a finite product of stalks when f # 0. Given an ideal I in Z,[X], define T'(I) as
the intersection of the trees T'(f) with f € I.

Theorem B. The set of trees T'(I) where I runs through the ideals of Zy[X] is
identical with P.

Two trees T, T’ will be called isomorphic if there is a bijective map ¥ : T' — T’
such that ¢; <ty on T precisely when U(t;) < ¥(t2) on T”. Clearly such a map ¥
(an “isomorphism”) will have A(¥(t)) = A(t) for t € T

Now let f € Zy[X] be a non-constant polynomial with discriminant D = D(f).
Define §(f) as the order of D with respect to p, i.e., the largest integer § with p® | D
when D # 0, and § = oo when D = 0.

Theorem C. Given d 2 2 and 6 = 1, the number of isomorphism classes of trees
T(f) where f runs through the polynomials in Z,[X] of degree d and with 6(f) < 6
18

(3) < ey (d)6?,

where ¢1(d) is a positive number which depends only on d. Ezxcept for the determi-
nation of c¢1(d) this bound is best possible.

A variation is

Theorem C'. Given d 2 1 and H = 1, the number of isomorphism classes of
trees T(f) where f runs through the polynomials in Z[X] of degree < d and with
coefficients of modulus < H is

(4) < co(d)((log H/ log p)* + 1),

where again co(d) is positive and depends on d. FEzxcept for the determination of
co(d) this bound is best possible.

Lastly, we mention the following.

Theorem D. Let A\, d be positive integers, and write A\/d as a regular continued
fraction:

5 ANd=cy+
(5) / i

+1/cy
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with n odd. Suppose p 2 d, and f € Zy[X] is a primitive (in the sense that not all
coefficients are divisible by p) polynomial of degree d. Then the number of solutions
of the congruence

(6) f(x) =0 (modp)
does not exceed
(7) clp)\—C()—l + CBPA—CQ—CQ—I + .. + cnp)\—C()—Cz—---—Cnfl—l'

This bound is best possible for every \,d and prime p 2 d.
We will deduce the

Corollary. Define di by A = dco + di, so that \/d = ¢y + (d1/d). Note that
1 < dy £ d. Then the number of solutions of the congruence (6) is at most

(d/dy)p =0~

In particular, the number is < dp*~~1. This is the bound given by Stewart in

[2, (44)], since (with [ ] denoting the integer part) his exponent is [A(d — 1)/d] =
)\—Co—F[—dl/d] =A—¢y— 1.

The proof of Theorem D, being the most technical, is given in the last two
sections of the paper. However, sections 1,3,4, 6 up to (6.2), 8 up to (8.4) (but
excluding Theorem 8.1) should provide enough background for this proof.

I. THE STRUCTURE OF TREES UNDER PRODUCTS AND INTERSECTIONS

1. General Universal Trees and the Structure 7. We will develop our theory
within the framework of a more general rooted tree U. A rooted tree U consists of
vertices, with a distinguished vertex {0}, its “root,” together with directed edges
u — v where u,v are vertices, such that exactly one edge emanates from each
vertex, except that no edge emanates from {0}, and such that starting from any
vertex u # {0}, there is a finite diagram v — u) — ... — 4 = {0} of vertices
and directed edges. It is then clear that this diagram is unique; the level of wu is
A(u) = £, whereas the level of {0} is 0. We will write u € U if u is a vertex of U.
The relations u > v and u 2 v are defined as before. We will call u,v compatible if
u 2 v or v 2 u; otherwise they are incompatible. The valence of a vertex u is the
number (possibly an infinite cardinality) of directed edges terminating at u. We
say that U is of valence ¢ (or = ¢) if every vertex is of valence ¢ (or = ¢). We will
suppose throughout that U is of valence = 2, i.e., that for every v € U there are
v # v with v — u, v — u. From now on, U will be fixed and will be called the
universal tree.

The definition of subtrees 17" of U will be as in the Introduction. A vertex t of
T will also be called an element of T and we will write ¢t € T. Again L" will be
the tree of all vertices of U of level £ v. The definition of products of trees also
will be as before. We are going to study the set 7 of all subtrees (briefly “trees”)
under the operations of product and intersection. (It is true that 7 is also closed
under union, but union will play only an auxiliary role.) It is clear that both the
product and the intersection satisfy the commutative and the associative law. In
fact, a vertex u lies in a product T3 - - - Ty, precisely if there are t;, 1 < i < m, with
ti € T;, t; < u, such that A(u) <37, A(¢;). We have

(1.1) TU=U  TNU=T,
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as well as
(1.2) T =T, TnL°=1L°

for every tree T', where L is the tree consisting just of {0}. Finally, the distributive
law

(1.3) T(RNS)=TRNTS

holds: clearly the left hand side is contained in the right hand side, and when u
lies in the right hand side, there are t,t’ € T, r € R, s € S, all of them < u, having
Au) £ M) + A(r), Mu) £ A{#') + A(s). But since both r,s are < u, they are
compatible, say s < r, so that s € RN S. Now in view of A(u) < A(t') + A(s) we
have u € T(RN S), so that u lies in the left hand side of (1.3).

We will call a set with two binary operations - and N a pseudolattice if these
operations are commutative and associative, if the distributive law (1.3) holds, and
if there are elements U, LY with (1.1), (1.2). Thus 7 is a pseudolattice.

The elements U, L of a pseudolattice are clearly unique. The best known exam-
ple of a pseudolattice is the set J of ideals in a commutative ring R with identity,
under the operations - and +, and with (0), R playing the roles of U, L°.

Given a tree T, let Ty be the set of its vertices of level A. In particular, Uy =
L% = {0} and Uy = LN\ L ! for A > 0. Given u € Uy, let 7 (u) consist of all trees
T € T such that T} is empty or consists of u only. Thus 7" = L° or T contains u
but no other element of Uy. It is then clear that 7 (u) is a subpseudolattice of 7
(with the role of U played by the tree U(u) consisting of {0} and all elements = u).
Further 7 is a direct product:

(1.4) T=]] T(w).
uelU;
We end this section with some more notation. When v — v write u~ = v, so

that ™ is the element directly below u. Again a stalk is a tree with at most one
vertex at each level. A finite stalk is of the type K (u), consisting of all ¢ with ¢ < u.
We define the level \(K (u)) to be A(u). When K = K (u) is finite of level A > 0,
let K~ be the stalk K (u~) of level A — 1. An infinite stalk consists of vertices u,
(v € Z>() with u,41 — uy; for such a stalk K we set A(K) = oo.

Given u € U and a tree T, let ur be the element of highest level in the stalk
K(u)NT. Then u lies in a product of trees T, ... , T, precisely if

(1.5) Au) £ ZA(um.

Given u € U and «, where « is a nonnegative integer or o0, write F'(u, «) for
the “fan” consisting of vertices ¢ = u with A(u) £ a. When a 2 A(u), we may
consider F'(u,®) to be a tree with root u, but it is not a subtree of U as defined
above unless v = {0}. When o = A(u), then F(u,a) consists only of u, and when
a < A(u), then F(u, ) is empty. When u, v are incompatible, fans F(u, «), F(v, )
are disjoint.

When T C U is a tree, we define a function ap on U as follows. If u € T', we let
ap(u) be the largest number (or possibly co) with F'(u, ar(uw)) CT. When u ¢ T,
then ar(u) = AMur). Thus u € T precisely when A(u) < ap(u). It is easily seen
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that for trees S,T we have
(1.6) as(u) + ar(u) £ asr(u).

The following will not be used in the sequel. In the case when U is the tree U(p)
of the Introduction, set p(u) = p~*®) for w € U. Then pu(u) is the Haar measure

of the set of elements x € Z, whose image modulo pM® lies in u. Given a tree
T CU, set
w(T) =" pulu)
ueT

Since T is not a subset of Z,, u(7T") is not a Haar measure, and in fact many trees
T will have p(T') = oo. It may be shown that

(L.7) w(ST) = p(S) + (1)
for any subtrees S,T.

2. Lean Trees. A tree T will be called lean if ar(u) < oo for every u € U. This
means that for every u there is a vertex v of U with v > u, v ¢ T.

Proposition 2.1. T is lean if and only if cancellation by T holds, i.e., if TR =TS
implies R = S.

Proof. Suppose that T is lean and TR = T'S. By symmetry it will suffice to show
that R € S. So let r € R; we will show that r € S.

Assume at first that r ¢ T. Set t = rp. Pick u = r with A(u) = A(t) + A(r);
this is possible since U is of positive valence. Then u € TR = T'S. Therefore there
exist ' Su, s Suwitht' €T, s€ S and AMu) £ M) + A(s). Now since u = ',
u = r, the vertices ¢/, r are compatible, and since r ¢ T, we have r > t’. By the
maximal choice of ¢ in K(r)NT, we have A(t') £ A(t). Combining our relations we
obtain A(r) £ A(s), and since u 2 7, u = s this gives r < s; therefore r € S.

Next, suppose that r € T. We clearly may suppose that r # {0}. Since T is lean,
ap(r) < co. There is then a t* > r having A(t*) = ap(r)+1and t* ¢ T. But t* — ¢
with A(t) = ap(r) and ¢ € T. On the other hand, argr(t) = A(t) + A(r) > A(t), so
that there is a u € TR =TS with u 2 t* and A(u) = A(t) + A(r). Since v € T'S,
we have elements ¢/ € T, s € S with t/ < u, s < uw and A(u) < A(t') + A(s). Now
t = t' (otherwise t' = t* with t* ¢ T'), which yields A(¢') < A(t). Combining our
relations we get A\(r) < A(s), and therefore r < s in view of u =2 s and u = t = r.
Thus r € S.

Now suppose that T is not lean. Pick v € T with ap(v) = co. Set S = K(v)
and R = K(v) U F(v,00). Then S G R are trees, and we will show that

(2.1) TR=TS

For suppose that v € TR. When u 2 v, then u € T C T'S. When u Z v, we
note that u = ¢, u 2 r with certain ¢t € T, r € R having A(u) < A(¢) + A\(r). But
since v Z v, we have r 2 v; therefore r € S and thus u € T'S. We have shown
that TR C T'S, and since the reverse inclusion is obvious, (2.1) follows. Therefore
cancellation by 7" does not hold. O

Let £ consist of U and all the lean trees.
Proposition 2.2. L is a subpseudolattice of T, i.e., L is closed under products.

Note that £ is trivially closed under intersections.
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Proof. 1t suffices to verify that ST is lean when both S, T are lean. But if cancel-
lation by S and T holds, then clearly cancellation by ST holds.
Every stalk is lean, and therefore so is every finite product of stalks. O

3. The Semigroup Generated by Stalks. Consider the abelian semigroup g
generated by nonzero stalks, i.e., by stalks # L°. The elements of Ky are of the
form

(3.1) K=> on(K)
K

where the sum is over nonzero stalks K and n(K) € Zx(, with n(K) = 0 for all
but finitely many K. Elements of Ky, called stalk sums, will also be written as

(3.2) K=K ® &Ky,

where Ky, ... , K,, are nonzero stalks and where the empty sum is the zero element
0 of KCg. This zero element will also be symbolized by L°. Let K be the union of K
and an element we will denote by U. Define U K =U, U ® U =U. Given a sum
(3.2), define 7(u) = 7k (u) as the number of stalks K; with u € K;; in particular
7({0}) = 7 ({0}) = m. Then

(i) 7(u) 20 forueU,
(1'3 >uev, T(u) = 7({0}),

i
i) when u; —u (i=1,...,¢) with distinct u,... ,ug, then

(iii
> ) <7
=1

The reason for (ii) is that Ki,..., K,,, being different from L° each contain a
vertex of level 1. The reason for (iii) is that no stalk can contain more than one of
the vertices uq, ... ,uy, and every stalk containing one of them also contains u.

An integer valued function 7 on U with (i), (ii), (iii) will be called a stalk function.
We will show that for such a function there is a unique K € Ko with 7 = 7. Set
m = 7({0}). When m = 0, then 7 = 75. When m > 0, we certainly can construct
K1, ..., K, such that each u of level 1 is contained in precisely 7(u) of the stalks
Ki,...,K,. In fact this determines Ki,..., K,, up to level 1. Suppose we have
constructed Ki,...,K,, up to level X such that for each u of level £ )\, exactly
7(u) of them contain u. Now when A(u) = A, then by (iii) there are only finitely
many u; — u with 7(u;) > 0; say u1,...,us. Of the 7(u) stalks containing u we
continue 7(u;) up to w;. This is possible by (iii), and 7(u) — Zle 7(u;) stalks will
terminate at u. In this way Ki,..., K,, are constructed up to level A + 1. It is
now apparent by induction on A that there is exactly one K with 7 = 7. Thus
there is a 1-1 correspondence between stalk functions and elements K € Ko. This
correspondence can be extended to K = Ko UU by setting 7y (u) = 400 for each u.
(But 7y is not a stalk function as defined above.) B

Given a stalk function 7, we set

o(u) = Z 7(8).
{0}<sSu
Then
(i) o({0}) =0, and o(v’) 2 o(u) when v’ 2 u,
(i1) o(u) > 0 for only finitely many u € Uy,
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(i) when u; —u (i =1,...,0) with distinct uy,... ,up, and u — u~, then
¢

(3.3) o(w)+ Y o(u) £ (€ +)o(u).

i=1
For (iii) is the same as
¢

> (o(w) = o(w) £ o(u) —ofu™),

i=1
which amounts to condition (iii) for 7 (restricted to vertices u > {0}). An integer
valued function o on U with (i), (ii), (iii) will be called a sum function.

When o is a sum function, define 7 by 7(u) = o(u) — o(u™) when u # {0}, and
by

T({0}) = > a(u).
uelU;

Then 7 is easily seen to be a stalk function. There is a 1-1 correspondence between
stalk functions and sum functions, therefore between elements K of Ky and sum
functions. Given K, let ok be the corresponding sum function. The correspondence
can be extended to K = Ko U U by setting oy (u) = +oo for u € U. It is clear that

(34) T£1®§2:T§1+T§27 0§1®§2:U§1+0§2'
In particular the set of sum functions is closed under addition.
We define a binary operation A on sum functions by
(o Ao’)(u) = min(o(u), o’ (u)).
To see that o A ¢’ is in fact a sum function we have to check (iii). Say without loss
of generality o(u) < ¢’(u). Then writing 0" = o A ¢’ we have
‘

¢
o’ (u”) + ZUH(W) So(u™)+ Zo(ui) S+ 1o(u)={+1)0"(u).
i=1 i=1

We consider the binary operations 4+ and A on the sum functions, where we
include oy;. Then the set of sum functions becomes a pseudolattice. For clearly +
and A are commutative and associative, and for any sum function o,

o+ oy =oy, oNoy = o,
0—}—0;:0,_ 0/\0_2:02.
It remains for us to check the distributive law
o+ (@' Nd")=(c+ )N (c+ "),
but this holds since
o(u) + min(o’(u), 0" (v)) = min(o(u) + o’ (u), o(u) + o'’ (u)).

Because of the 1-1 correspondence between K and sum functions, A induces a
binary operation on I, also denoted by A. In view of (3.4), K with the operations
@, A becomes a pseudolattice. We have
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Example. Let K be an infinite stalk. Let r,s € K with A(r) = A, A(s) = 2. Set
K=K, H=2K(r), F=K(s).
Then it is easily seen that for every u € U, with ux as defined in section 1,
ok (u) = Muk), op(u)=min(2A\(uk),2)), op(v) =min(Aux),2)),
so that (0 Aop)(u) =min(ok(u),ou(u)) = op(u), and therefore
KNH=F.
4. Proof of Theorem A. Given K as in (3.2), set
(4.1) K* =Ky Ky
Also set 0* = L°, U* = U.
Lemma 4.1. u € K" precisely when A(u) = ok (u).

Proof. Suppose K is given by (3.2). Then by (1.5), u € K precisely when

u)§ZA(uK1):Z Z 1= Z 7K (8) = ok (u).

=1 seK; s<u
{O}€<s§u {03<s=
O
Lemma 4.2. For H, K in K,
(4.2) (Lo K) =H K,
(4.3) (HANK)"=H"NnK"

Proof. We have u € H* K" precisely if there exist h,k < u with h € H*, k € K*
and A(u) < A(h) + A(k). But then by the preceding lemma

Ah) S om(h), k) = ok(k),
so that
(4.4) Mu) = op(u) + ok (u).
Conversely, suppose (4.4) holds, and we have H = H; @ --- ® Hy and (3.2). Then

4 m
Mu) = op(u) + ok (u) = Z)\(um) + Z Muk,)

and u € H'K", so that v € H"K" precisely when A(u) = og(u) + ox(u) =
THOK (u), and (4.2) follows. This relation is obvious when H or K equals U.

Next, u € (H A K)* precisely when A(u) = min(og(u), 0k (u)), and this holds
precisely when v € H* N K" |

Recall that P C 7 as defined in the Introduction consisted of U and of products
of stalks. The map * from K into 7 is a map onto P. In view of Lemma 4.2 we
have

Theorem 4.3. The map * is a pseudolattice homomorphism from K onto P.

Corollary. P is a subpseudolattice of T .
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Recall that the operations on 7 were product and intersection. In particular,
P is closed under intersection. Thus we have proved Theorem A in the context of
universal trees more general than the trees U(p) of the Introduction.

Let P’ C T consist of all trees of the type LT with n 2 0 and T' € P. Thus P’
consists of U and products L™K - - - K, where K1, ..., K,, are stalks. When U is
finite, i.e., when U contains only finitely many elements of level 1, then L = L' € P
and P’ = P. But when Uj is infinite, P’ properly contains P.

Theorem 4.4. P’ is a subpseudolattice of T, i.e., it is closed under intersection.

Proof. We have to show that (LS) N (L™T) lies in P’ when S, T lie in P. Say
¢ < n; then by the distributive law the above intersection is L*(S N LIT) with
g =n—¢ = 0. We will show that SN LIT lies in P. According to (1.4) we may
write S as a product of factors S(u) € T (u) (u € Uy), and since S is a finite product
of stalks, S(u) = {0} for u outside a finite set M C Uy. Similarly T is a product
of factors T'(u) € T(u) (u € Uy), and L = L' may be considered a product (an
infinite product when U is infinite) ] L(u), where L(u) is the unique stalk of
level 1 in 7 (u). Then

uelUy

SNLT = [ (S(w) N L(w)*T(w)).
ueM
Each of the factors in the product lies in P by the Corollary to Theorem 4.3, and
therefore also the product. |

Now L as well as stalks are lean, so that
PCP CLCT.
An element
(4.5) K=(K®nK~

of Ko, where K is a stalk of finite level A > 0 and where £ = 1, / +n = 2, will be
called a couple. When A > 1, K is a sum of £+ n nonzero stalks, whereas for A =1,
K =/(K ®nK~ = (K has { summands. In particular when ¢/ =1, K = K will be
called a degenerate couple; other couples are nondegenerate.
Say K = K (t), so that K consists of t =ty — tx\—1 — -+ — 1 — tg = {0}. We
have
0 when uZt,
T (u) =< ¢ when u=t,
£+n when wu<t,

and therefore

0K

( (0 4+ n)A(uk) when A(uk) < A(¢),
u) = {(z +n)(A— 1) + € when Aug) = A(t).
K™ is the union of the fans
F(t,,(¢+n)v) with 0Sv<A
and the fan
F(tx, L+n)(A=1)+9).
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FIGURE 2. (p =5)

5. Uniqueness of Factorization. In how far is the representation of a tree as a
product of stalks unique? Put differently, in how far is the map * from X onto P
one-to-one? A partial answer is provided by the following

Proposition 5.1. Suppose U is of valence = p, where the integer p is not neces-
sarily a prime. Suppose Ky,... , Ky, and Hy,... , H, are nonzero stalks with

(5.1) Ky Ky =H - H,.

Then unless m =2 p, n > p orm > p, n 2 p, we have m = n and K; = H;
(i=1,...,n) after suitable reordering. Put differently, we have K = H with

(5.2) K=K & &K, H=H® - &H,

In particular, products of fewer than p stalks have a unique factorization as a
product of stalks. The bounds of the Proposition are best possible, as is seen from
the following example. Let U be a tree of valence p (unique up to isomorphisms!).
Let t € Uy, so that A(t) = 1, and let t1,... ,%, be the elements of level 2 having
t;—>t(i=1,...,p). Then

(5-3) K(t) - K(tp) = K"

See Figure 2, where the underlying prime is p = 5.

For both sides of (5.3) consist of {0} and the vertices u = ¢t with A(u) < p+ 1.
Writing K = K(t,) © - © K(t,), H = (p+ 1)K(t), we have ok (u) = og(u) =
when u 2 t, and o

{p for uw=t,

ox(u) = p+1 for wu>t,

og(u)=p+1 foruz=t.

Proof of the Proposition. Let K, H be given by (5.2). In view of Lemma 4.2, the
relation (5.1) says that

(5.4) A(u) = o (u) precisely when A(u) < op (u).
We have to show that unless m = p, n > p or m > p, n = p, we have identically
aé(u) = Ug(u)

If not, choose u of minimal level with ok (u) # on(u), say ok (u) < op(u). By
(5.4) we have

(5.5) ok (u) < omg(u) < A(u)
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(5.6) AMu) = ok (u) < og(u).

In the first case, u ¢ Hy U--- U H,, so that og(u~) = og(u), similarly o (u™) =
ok (u), contradicting the minimality of w. In the second case, suppose at first that
at least p stalks K; contain u. Then pA(u) < ok (u) < og(u). On the other hand,
ok (1) £ mA(u), o (u) < n(u), so that m = p, n > p. We may therefore suppose
that fewer than p stalks K; contain u. Then there is a ¢t with t — u which is
constrained in no stalk K;. Then every s = ¢ has
Ué(s) = Ué(u) < Ug(u)

But og(u) 2 og(u) +1 2 Au) +1 = A(t) by (5.6). There is then an s = ¢
with A(s) = o (u); and this s has og(s) = og(u). Thus ok (s) < A(s) < om(s),
contradicting (5.4). - - a -

Now suppose that U has infinite valence. Then the map % onto P is injec-
tive, i.e., the presentation of a tree as a product of stalks (if possible at all) is
unique. Also the presentation of elements of P’ as L‘K; --- K,, is unique. For
if LK, ---K,, = LYH, ---H,, and if, say ¢/ < g, we may cancel by L, so that
K- K, = L9 'H, --- H,. Here the left hand side has only finitely many elements
of level 1, hence so does the right hand side. Thus¢ =gand Ky --- K,, = Hy --- Hy,
so that again m =n and K; = H; (i = 1,... ,n) after suitable ordering. O

6. Poincaré Series. Let T'C U be a tree, and A > 0. We define T'(\) to be the
set of u € U such that ar(u) = A, but ar(v) = X for no v < u. Then it is clear
that the elements of T'(A) are mutually incompatible. Since ap(u™) = ar(u) when
u ¢ T, it follows that T'(A\) C T. When ¢ € T), then because ar(t) = A, there is
au = tlying in T (). But then t € F(u,\); in fact ¢ € F'(u, \) where F’(u, )
consists of the “top” of F(u, \), i.e., its elements of level A\. Therefore

(6.1) = J F(uN.
u€T(N)

Since the elements of T'(\) are incompatible, the union here is disjoint.
Suppose U is of finite valence p. Then F’(u, \) has cardinality p*~*(*). Therefore
the width of T at level A, defined as the cardinality |T5| of T, has

(6.2) Ta| = > p.
u€T(N)

The Poincaré Series of T' is the formal series
(6.3) PBr(2) =) T2
A=0

More generally, suppose T' C U is a tree such that T()) is finite for every .
Inspired by (6.2), we define polynomials

(6.4) Pra(z)= Y 27 (20,
u€T(N)

and we define a General Poincaré Series

(6.5) Pr(z,2) = ZPT/\(Z)Z/\§
A=0
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this series lies in Z[z][[Z]]. In the case when U is of finite valence p we have
Br(Z) =Pr(p, Z). The example of Figure 3 with p = 3 shows that it may happen
that Pr(Z) = Ps(Z2) yet Pr(z, Z) # Ps(z, Z), so that the General Poincaré Series
encodes more information than the ordinary Poincaré Series.

Here Ps(Z) = Pr(Z) = 1+ 3Z +3Z% But S(1) = T(1) = {0}, S(2) = {ua},
T(2) = {wy,ws2, w3}, so that Ps(z,2) =1+ 2Z + 222, Pr(2,2) = 1+ 2Z + 32>
Note that both S, T are products of stalks.

Theorem 6.1. Let K be a stalk sum whose infinite stalks occur with multiplicities

c1 > 0,...,¢0 > 0, and let C be the set of distinct numbers among ci, ... ,cy.
Suppose
(6.6) T=KL"

where n 2 0. Then the General Poincaré Series Pr(z, Z) is rational, i.e., it lies in
Q(z, Z), and its denominator divides

[T —2"29).
ceC

Therefore when U is of valence p, the Poincaré Series B (Z) is a rational function
whose denominator divides

H (1 _ pc—lzc>'

ceC
Lemma 6.2. Suppose T =Ty---T; and S =Ty U---U Ty where Ty,... Ty are
trees. Then

ar(u) = ar(ug).

When u ¢ S, or when v ¢ S for some v — u, then
¢
(6.7) ar(u) = Z)‘(UTJ-
i=1

Proof. Suppose u ¢ S, so that u 2 v — ug with v ¢ S. We have ug € T and
ar(ug) 2 Zle AM(ug),) = Zle Aur,). On the other hand, when ¢t 2 v we
have t € T precisely when \(t) < 2%, Mtz,) = S20_, Mur,). Therefore ar(u) <
ar(ug), and since the reversed inequality is trivial, our first assertion follows. Also
(6.7) follows in this case.
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When u € S but v — u with v ¢ S, apply our arguments to v. We have vg = u,
therefore

|

Lemma 6.3. Suppose K is a sum of m stalks and T is given by (6.6). Then for
every u € U,

ar(u) £ (AMu) +1)m+n.

Proof. Set S = Ky U---UK,, UL" where Ky, ..., K, are the summands of K.
Since U is of valence = 2, there is for every u € U a u®) — v such that (") lies in
at most m/2 of these stalks K7, ..., K,,. There is a u® — 4™ lying in at most
m/4 of these stalks. Et cetera. Let v be least such that u(*) lies in none of these m
stalks. When w itself lies in none of the stalks, set v = 0, u(®) = u. Pick w = u®
with A(w) > n. Then w ¢ S, so that by (6.7),

ar(w) =Y Mwg,) + Awgn).
i=1
Now at most m/2 of the stalks K; reach ul!), at most m/4 reach u'®), and so on.

Therefore

Z Mwg,) < mA(w) + (m/2) + (m/4) +--- = (A(u) + 1)m.
We obtain

ar(u) £ ar(w) < (A(uw) + 1)m +n.

Proof of Theorem 6.1. Suppose
K=K & - ®cKi®dH & - &dH,

where Ki,...,K, are distinct infinite stalks and Hy,...,H, are distinct finite
stalks. The total number of stalks counting multiplicities is m = ¢; +---+co+d1 +
--+ 4+ dg. Choose A1 so large that \y 2 A(H;) for 1 £ ¢ < g and A 2 A(K; N Kj)
for1 <1< j <L Set

Ay = ()\1 + 1)m—|—n

Now when w € T(\) where A > Mg, then A(u) > A; by Lemma 6.3, and v is
contained in exactly one of K,..., K, but not in Hy,... ,Hy or L™,

Let u;, be the element of K; of level u where > A;. Then since there is a
v — u;,, with v not in any of the K;, the H;, or L", there is a formula like (6.7) for
ar(u;,,), and similarly for w; ,41. Since u; 441 lies only on the summand K; of K,
and since this summand occurs with multiplicity ¢;, we have ar (u;, pt1)—ar (u;, u) =
¢;. Therefore

ar(uiu) = pe; + gi (1> A1),

where g; is a nonnegative integer. Given A\ > Ao, we have ap(u;,,) = A precisely
when pe; + ¢g; 2 A, and the smallest p with this property is u(i, A) = [(A — g;)/¢i]



CONGRUENCES, TREES, AND p-ADIC INTEGERS 619

where, for any real number z, [x] denotes the smallest integer greater than or equal
to x. We may conclude that

T(A) = {ur, (1,0 -+ > Ue,u(e,n) -
By (6.4)

14
(6.8) Pra(z) = 221N (> )y).

i=1
To finish the proof it will suffice to show that for each i, 1 <7 < /£, the series
Z A=) 7
A> A2

is rational with denominator 1 — 2%~1Z%. We may as well do this with the sum
over A > Ay replaced by the sum over A > g;. Writing A = g; + p + ¢;v with
1< p= ¢ and v 2 0, we have p(i, \) = v + 1, and our sum becomes

Cq oo
E E Zgi+P+CiV_V_1Zgi+P+C7LV

p:ll/ZO
:ZgiZgi+1(1_|_ZZ+.“_|_(ZZ)CI-—1)(1_Zci—IZCi)—l, O

Given a natural number ¢ written as ¢ = Zf:o c;ip' with p > 1 and with digits
¢ in {0,1,...,p— 1}, set
k

digy(q) = e

=0

Proposition 6.4. When U is of finite valence p, K is a stalk sum with m sum-
mands and T is the tree given by (6.6), then

digp|T\| Sm  (A=0,1,...).

Proof. We have T'= SL™ with S = K*. It is easily seen that ap(u) = as(u) + n.
Therefore by Lemma 6.2, az(u) = ar(u~) unless u € Ky U--- U K,,. Therefore
T(\) € K1 U---UK,y,, so that |T(A\)] £ m. So the sum in (6.2) has at most m
summands. The assertion now follows from the fact that if a number ¢ = Zf:o cip'
with ¢; 2 0, then dig,(q) < Zf:o Ci. |

For later use we will discuss an example. Suppose 0 < a1 < -+ < @1 are
given integers. Let K, be an infinite stalk and K; for 1 £ ¢ < m an infinite
stalk with A\(K; N K,,) = a;. This is possible since U is of valence greater than
1. Set K = K1 @ --- ® K, and let T be the tree (6.6). When u;, € K; of level
w> Am—1 + n, then by Lemma 6.2,

o (Uip) = Z (i) ie;) + AM(wi) n)

=1
:a1—|—'~'+ai_1+(m—i)ai+,u—|-n:,u+bi

with b; = a1 + -+ + a;—1 + (m — @)a; + n (a term involving the non-existent a,,
only appears for b,,). We have by < -+ < by—1 = by,. Since each K; occurs
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with multiplicity ¢; = 1, the quantity p(i,\) of the proof of Theorem 6.1 has
(i, A) = X — by, so that P\ = Pr) is given by

(6.9) Py(z) = Z 2bi
for large A.
Now suppose that
(6.10) 0Sn<a; < <am_1.

It is then easily seen that T'(A) = {0} when A £ n, and T'(n+ 1) = {u1}, where u
oflevel 1ison K1N---NK,,. We used the fact that U is of valence > 1. Therefore
Py = z*» when A < n, but P,,1(2) = 2". Therefore the number n can be detected

from the Poincaré series Pr(z, Z), and then by (6.9), also by, ... ,by—1, hence also
ai,... ,am—1 can be detected. Put differently:
For different values of n, ai,...,am—1 with (6.10) we obtain different General

Poincaré Series Pr(z, Z). When U is of finite valence p > 1, then in fact we obtain
different Poincaré Series Pr(Z).

7. Discriminants and Resultants. Let K = K; & --- & K, be a stalk sum.
Given such K, define its discriminant to be

SE)= > MEiNK)),
1<i,j<m
i

and given another stalk sum H=H & - ® H,, define their resultant to be

m n

)= > ANKinHj).

i=1 j=1

P,

Il

The discriminant is zero when K =0 or m = 1, and the resultant is zero when
K =0 or H = 0. The discriminant is finite precisely when every infinite stalk
appears in the stalk sum K at most once, and the resultant is finite precisely when
K, H have no infinite stalk as a common summand. Note that the discriminant
(when finite) is always even. We have

(7.1) S(KoH)=6(K)+6(H) +2p(K, H),

(7.2) p(K®K',H) = p(K, H) + p(K', H).

In the Introduction we defined isomorphisms of trees. Now two stalk sums
K=K & - ®&Kyand H=H, & @ Hy will be called isomorphic if after
suitable ordering of the summands there is a bijection ¥ : ", K; — U;~, H;
whose restriction to K; is an isomorphism onto H; (i = 1,... ,m). Clearly when
the universal tree has some fixed valence and K, H are isomorphic, we have an
isomorphism of trees: K* ~ H *.

A stalk sum will be called a polynomial sum (the name being justified in section
11) if it is a sum of infinite stalks and of couples as defined in section 4. When
K, H are isomorphic and one is a polynomial sum, then so is the other.
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Theorem 7.1. Given m = 1, 6 2 1, the number of isomorphism classes of poly-
nomial sums with m nonzero summands and discriminant < § s

< ez(m)s™L.
Ezcept for the determination of cs(m) this bound is best possible.
Proof. Let
K=Ho 0Ho o 0, ,0K & 0K,

be a polynomial sum where H; (1 <4 < p) is an infinite stalk, J; (1 <7< ¢q) is a
stalk of level 1 (i.e., a degenerate couple) and K (1 =i < k) is a nondegenerate
couple, say K= = (;K(a;) +n;K(a; ). Set

Hp+i:Ji (1§z§q), HZH‘Q‘HZK( )(1§

= i
In

The isomorphism class of K depends only on p,q, k, on £;, i < k) and on

the isomorphism class of
ngl D OHy O Hp1 @ © Hpyqg ® Hppgt1 D+ O Hpygik

The isomorphism class of a single stalk H depends only on \(H). When Hy, ...,
H,_, are given, the isomorphism class of H; & --- ® H;_1 © H; depends only on
A(H;) and on H; N (Hy U---U H;_1). This intersection is in fact a stalk of the
type H; N Hj, (1 £ j; < i—1) and is determined once we know j; and the level
A(H; N Hj;). Therefore the class of H depends only on j; (2=14 < p+q+Fk), on

(7.3) AH;NHj) 2Sisp+q+k)
and on M(Hptq+:) = MK (a;)) (1 £ i < k). This last level will be written as
(7.4) AMK(a;)) N K(a;)) when1<i<kand¥; 22,

and as 1 plus
(7.5) MK (a;)NK(a;)) whenl1l<i<kand/{; =1.

When K has m nonzero summands we have p + g + 2k < m, since each K has
at least 2 summands. The number of choices for p, ¢, k, the £;,n; (1 <4 < k) and
Ji (2= 1 < p+q+k)is under a bound ¢4(m). The quantities (7.3) and (7.4) (when
¢; 2 2) and (7.5) (when ¢; = 1, so that n; = 1) are summands of §(4), hence
are < §. There are not more than ¢ + 1 choices for each of them. The number of
quantities (7.3), (7.4) and (7.5) is (p+¢+k—1)+k < m—1. Therefore the number
of isomorphism classes is < cq(m)(6 + 1)™7! < e3(m)é™ 1.

To show that our estimate is best possible, recall that the stalk sums K con-
structed at the end of section 6 have distinct Poincaré series and therefore are
non-isomorphic for different values of the parameters 0 < a7 < -+ < @ym—1. We
have

O(K) = 2(am—1+2am—2+ -+ (m—1)ay).

For large 8§, the number of possibilities for aq,... ,a,—1 with 6(@) < 6 is at least
cs(m)ém—1L. O

We are going to finish this section with three lemmas which will be useful later
on.
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Lemma 7.2. Let K, H be stalk sums. Then

S(E) = Y mie(w)(r(u) = 1),

I

p(E.H)= > 7(u)ra(u).
u#{0}

@K"“

Proof. When K = K1 &
i i#j u#{0})
ueK;NK;
-1).

Yooo> 1= ()
uA{0}  i#j u#{0}
ueK;NK;
0

The second assertion is shown similarly.
<@ K, € Ky. Then for every verter u

Lemma 7.3. Let é =K ®
o1 (u) ~ M) < 5 8(K).
uk,, (following the definition of ur in section
- Z A\m. We observe

) and s’uppose that Ay 2

Proof. Consider the vertices ug,,
). Set Aj = Mug,) (j=1,...,m
that

> Tl ZﬁE:l—Z%w

Jj=1{0}<tsu

{0}<t=Zu
teK;

O HIDIRED ) RrHwY

2
§ Tk (1)
o =1 j=1 {0}<tSu =1 j=1

{0}<tSu

teKiNK;
so that by Lemma 7.2,
6(K) = Z i (1) (T Zmln Xis Aj)
{0}<t=u i#£]
=2X 4+ 223+ 4+ (m—1DAp) Z2A2 + -+ Am)
by our ordering of Ag, ... , Ap,. On the other hand each A(ug,) < A(u), and therefore

oK ZAUK u) S Ao+ A A = S6(K).

|

ug be mutually incompatible

UK,,. Then

Lemma 7.4. Againlet K = K1®---®K,,. Letu,
vertices of K1 U~ -+
¢
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Proof. Since u;, u; with ¢ # j are incompatible, they cannot lie in the same stalk.
We may therefore suppose without loss of generality that u; € K; (i = 1,...,¥).
We claim that

o (ui) = AMu) £ Y MK NK;) (i=1,...,0),
J#i
and this will clearly imply the lemma. But

o)=Y mwl= Y 1

{0}<t<Lu; {0}<tZu,; K;j3t
=3 > T2 Muw)+ Y MENK;).
J=1{0}<t<u; b
teK;
|

8. The Width. We called the cardinality |T»| the width of T" at level A. The total
width w(T) is the maximum of |Ty| over A = 0,1,.... These widths need not be
finite.

Theorem 8.1. Let U be a universal tree of finite valence p, where p is not nec-
essarily a prime. Let K be a stalk sum with m 2 1 summands and with finite
discriminant 6. Then

(8.1) w(K*) £ 2p°% +m — 2.

This estimate is best possible for every p 2 m and every even 6.

In the context of polynomials, the Theorem is due to Stewart [2, (38)]. In fact
all the assertions of Stewart’s Theorem 2 could be derived in the present context.

Proof. Set T'= K" and 0 = og. Then by Lemma 4.1, u € T precisely if A\(u) =
o(u). Similarly we have u € T precisely when A(u) £ ar(u). In complete analogy
to our procedure in section 6, we define TT'(\) to be the set of u € U such that
o(u) 2 A but o(v) 2 A for no v < u. In analogy to (6.1) we have

(8.2) = |J Fu\
u€TT(N)

where the union is disjoint. From this we obtain

(8:3) T =Y
w€TT(N)

which is analogous to (6.2). Thus if TT(A\) = {u1,...,u¢} and w; = A — A(u;)
(i=1,...,¢), we have

J4
(.9 T =3
i=1

We observe that in view of w; < o(u;) — AM(u;),
(i) wi £ 6/2 by Lemma 7.3,
(i) Y, w; <6 by Lemma 7.4,
(iii) £ < m, since uy, ... ,us are incompatible elements of K7 U--- U K,,.
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Fuy, ap(uy))  Flug, ap(uy)) Uz L Uy o+ v

6/2 +v
level

i 5/2

FIGURE 4

Since p*t1 + p¥~1 > p¥ + p¥ when w > ), it is clear that if, say, w; = --- > wy,
the maximum of the sum in (8.4) is taken when ¢ = m and w1 = wy = §/2 and
wg =---=wy =0, so that indeed |Tx| < 2p%/? +m — 2 for each A, whence (8.1).

That (8.1) is best possible is seen from the example illustrated in Figure 4.

We have infinite stalks K, ... , K, with \(K1 N K2) = 6/2 and A(K; NK;) =0
when ¢ # j and {i,5} # {1,2}. For A =6 + v the set TT(\) (with T = Ky -+ K,)
is given by TT(\) = {u1,...,um}, where uy,us on Ky, Ko have level §/2 + v
while ug, ... ,um on Ks, ..., K, have level § + v. Therefore w1 = wes = §/2 and
w3 =+ =w,; =0. (|

A further theorem on widths will be given in section 15.

II. POLYNOMIAL TREES

9. Polynomial Trees in a Discrete Valuation Ring. The diagram of the
Introduction could have been written as

® ®
{0} = Zp/pOZp — Lp/pLy Zp/pQZp .
More generally, let R be a discrete valuation ring with maximal ideal p, and consider
{0} = R/p°R 2~ R/pR 22 R/p*R — - --

where the @ are the natural homomorphisms. We obtain a tree U = U(R) whose
vertices are the elements of R/pAR for A = 0,1,..., and the directed edges are
u — v where ®5(u) = v for some A. Given x € R, we write x for the image of x
under the natural homomorphism R — R/p*R.

When f € R[X] we define T'(f) to consist of elements z) where z € R, A 20
and (f(x))x = Oy, i.e., f(z) =0 (modp?). Then T(f) is a subtree of U(R). Again
(2) holds, i.e.,

(9.1) T(fg9)=T()T(9)
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for polynomials f,g. Now if I is an ideal in R[X], we let T(I) be the intersection
of the trees T'(f) with f € I. Then T'(I) is again a tree. Clearly

(9.2) T(I+J)=T(I)NT(J).

(
On the other hand, if I = (f1) + -+ + (fm) (a sum of principal ideals) and
J=(g1) + -+ (ge), so that I.J =37, >".(fi)(g;), then

7(19) = 1) = NN ()
— (U Tley) =TT

by repeated application of the distributive law (1.3). Thus
(9.3) T(IJ)=T{)T(J).

The ideals I of R[X] form a pseudolattice J under product (-) and sum (4).
In view of (9.2), (9.3), the map I — T'(I) gives a homomorphism from J into
the pseudolattice 7 of subtrees of U(R), with 7 having the binary operations of
product (-) and intersection (N).

We will be most interested in two types of discrete valuation rings R. The
first is R = Z,, already discussed in the Introduction. The other is the power
series ring R = k[[X]] where k is a field. In this case p = (X) and the residue
class field is k. When k is of finite cardinality ¢ (a prime power), then U(R) is of
finite valence q. When k is infinite, U(R) is of infinite valence. R/p* consists of
polynomials ¢(X) € k[X] modulo p*, hence is a vector space of dimension A\ over
k. TIts elements are uniquely represented by polynomials of degree < A. Given
f(X) € R[X] = E[[X]][X], say f(X) = f(X,X), the elements of T'(f) of level X are
represented by polynomials ¢(X') of degree < A\ with

F(X, (X)) =0 (mod X*).

10. A Generalized Theorem B. Let | - | be the absolute value on R given by
|z| = 27°'9®) where ord is the valuation on R. We will suppose from now on that
R is complete under this absolute value, i.e., that every Cauchy sequence has a limit
in R. The following theorem is a generalization of Theorem B.

Theorem 10.1. The set of trees T(I) where I runs through the ideals of R[X] is
identical with P, i.e., the set of trees consisting of U and of products L"K1 -+ - K,
where n 2 0 and K1, ... ,K,, are stalks.

In this section we will prove the easy half of this theorem, namely that U and
products L"Kj - -+ K,,, are of the type T'(I). To begin with, U = T'(0) and L° =
T'(1) where 0,1 stand for the constant polynomials equal to 0,1. By (9.3) it will
now suffice to show that L and any stalk K is of the type T(I). Now when 7
is a generator of the ideal p, then the constant polynomial f(X) = 7 clearly has
T(m) = L. Hence L is indeed of the type T'(I).

By our hypothesis that R be complete there is a 1-1 correspondence between
elements y of R and infinite stalks, such that y corresponds to the stalk K with
vertices yy (A € Z>(). The polynomial f(X) = X —y has (f(z))x =2zx—yr=0in
R/p* precisely when ) = y, and therefore T'(f) = K. Thus every infinite stalk
is of the type T'(I) with a principal ideal I. Every finite stalk K may be expressed
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as K = K; N Ky where K1, Ko are infinite stalks. (Here we used that U(R) is of
valence 2 2.) So if K3 =T(f1), Ko =T(f2) and I = (f1) + (f2), we have

K=K NK;= T(fl) N T(fg) = T(I)
by (9.2).

11. Proof of Theorem B. We will prove Theorem 10.1. It remains for us to show
that every nonzero ideal I has T'(I) of the type L™Ky -+ Kp,. Since T(I + J) =
T(I)NT(J) and since P’ is closed under intersection by Theorem 4.4, it will suffice
to show that T'(f) is of the type L™K - - - Ky, for every polynomial f # 0 in R[X].
Such a polynomial may be written as f = 7" fy with n 2 0 and fo a primitive
polynomial, i.e,. a polynomial whose coefficients are not all divisible by 7. Since
T(m) = L, we may concentrate on primitive polynomials.

Proposition 11.1. When f is a primitive polynomial, there is a polynomial sum
K=K & 9Ky, such that

(11.1) T(f) =K"= K1 Kn.

When R has the property that there are irreducible polynomials of arbitrary degree in
F[X] where F is the residue class field (e.g., when this field is finite, e.g., when R =
Zyp), then conversely for every polynomial sum K there is a primitive polynomial f
with (11.1).

The concept of a polynomial sum had been introduced in section 4; our present
proposition justifies the terminology. A primitive polynomial may be written as a
product of primitive polynomials which are irreducible over the quotient field F' of
R. Hence it will be enough to establish

Proposition 11.2. When f is a primitive irreducible polynomial, then T(f) is L°,
or an infinite stalk, or é* where K is a couple.

Conversely, there are primitive irreducible polynomials f with T(f) = L° or
T(f) = K where K is a given infinite stalk. When R has the property enunciated in
Proposition 11.1 and when K is a couple, there are primitive irreducible polynomials
[ with T(f) = K.

Proof. A primitive polynomial f of degree zero is a constant not divisible by ,
and then T'(f) = L°. When f is primitive and irreducible of degree d > 0, then f
factors as ¢(X — &) -+ (X — &) in its splitting field N. The absolute value | | on
F can uniquely be extended to N, and then [&]| = --- = |&q] (see [1, Chapter XII,
Proposition 2.5]).

Assume at first that this common absolute value is > 1. Then since |z| < 1 for
x € R, we have |z — &| = |&| and |f(x)| = |¢||&1] - |€q| = ||, where ¢’ is the
constant term of f. Since f is primitive, it may be deduced that |¢/| = 1, so that
|f(x)] =1 and (f(x))x # 0y for A > 0. Therefore T'(f) = L°.

Next suppose that the common absolute value is < 1. Let us first consider the
case when f is of degree d = 1. We have f(X) = ¢(X —y) with y € R, |¢| = 1.
Then T(f) = T(X — y) is the infinite stalk K with vertices yx where A € Zx.
Suppose, then, that d > 1. Again we write f(X) = ¢(X — &)+ - (X — &4), where
&1, ... ,&q lie in the splitting field N of f over F, with I’ the quotient field of R.
We have |c¢| = 1 by primitivity. Let F’ be the field F’ = F(§) with £ = &. Then
[F': F] =d = ef, where ¢ is the ramification index and f the degree of the residue
class field extension.
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Choose y € R with |y — £] minimal — this is possible by the completeness of R.
We have

(11.2) |z — ¢l 2 [y — ¢
for every z € R. Say

(11.3) ly — gl =27"e
with h a nonnegative integer. Pick A € Z with
(11.4) A—1<h/eS A

and let K be the stalk K = K(y»).

Again for € R, let =, be its image in R/p*. Let v be largest integer with
x, = Yyy; then |z —y| =277, When v < A, then |z —y| > |y —§| and [z —§| =27".
Since the absolute value is the same for conjugates over F', we have |z — &;| =27
(i =1,...,d) and |f(z)] = 27%. Therefore z, € T(f) precisely when pu < vd.
Therefore when 0 < v < A, the fan F(y,,dv) CT(f). When v 2 A, then |z — y| <
27X < 27M/¢; hence |o — €] £ 27"/¢, so that |z — £ = 27"/¢ by (11.2). Therefore
|f(x)| = 279"/ = 2=hL Thus z,, € T(f) precisely when p < hf. In particular, the
fan F(yx,hf) € T(f). It is easily checked that

(11.5) hf=A—-1)d+¢ with 1=/=d.
We may conclude that T'(f) is the union of the fans
Flyy,dv)  (0=v <))
and
F(yx,(A=1)d+ ).

When A =0, then h =0, £ = d and T(f) = L°. When \ > 0, the discussion at the
end of section 4 shows that T'(f) = K*, where K is the couple K = (K (yx)+nK(y, )
withn =d—¢. When A = /¢ =1, then K = K(y;1) is degenerate, i.e., a single stalk
of level 1. -

Note that when h/e € Z, so that A = h/e, we have hf = \d; therefore £ = d,
and T(f) is K (yx)?. In general, we should ideally represent 7'(f) as the d-th power
of a stalk of level h/e, but this is not possible when h/e ¢ Z. However, T(f) is
K(y») K (ya_1)", and here the “mean level” of the factors is

A (A +nA-1)=d " (A—-1)d+€) =d 'hf =h/e

by (11.5).

For the converse we may clearly restrict ourselves to the assertion on couples. Say
K =(K(yx) + nK(y, ) where y € R. When K is degenerate we set n = 1, so that
always d = {+n > 2. Suppose at first that n > 0. Sete =d, f =1, h = (A—1)d+¢,
so that (11.4), (11.5) hold, and h/e ¢ Z. Let F’ = F(x') be the totally ramified
extension of F with (7/)¢ = . We have F’ = F(x'"4+rx "+1) for suitable r € R (see
the argument in [1, chapter VII, §6]). Then & = /" +r7/"*+1 44 has |6 —y| = 27"/¢,
and every x € R has |z — y| # |€ — y|; therefore |¢ — 2| = |€ —y — (z —y)| = 27 /e,
so that (11.2), (11.3) hold. We take f to be the defining polynomial of £ over F.

In the case when n = 0, let d = ¢ and set ¢ = 1, f = d, h = A, so that
again (11.4), (11.5) hold. Let g(X) be a monic irreducible polynomial of degree d
with coefficients in the residue class field F' of R — such a polynomial exists by
hypothesis. g lifts to an irreducible polynomial g in R[X]. Let F’ = F(n) where n
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is a root of g, so that F’ O F is unramified and of degree d. Note that |n| =1 and
set £ = 7+ v, so that |£ —y| = |[7*n| = 27*. When = € R, write z —y = 7°(
with || = 1. Then |£ — x| = |7*n — 7P¢| = 277, since either A # p, or A = p
and mn — ¢ = 7 (n — ¢) and |n — | = 1, since 7, ¢ have different images in the

residue class field F'(n). Therefore (11.2), (11.3) hold. We take f to be the defining
polynomial of £ over F. O

We have given a canonical procedure to associate with every primitive irreducible
polynomial f a polynomial sum K = K(f) with T'(f) = K(f)*. Therefore we can
associate in a canonical way a sum K = K(f) with every primitive polynomial f
in such a way that -

(11.6) K(fif2) = K(f1) ® K(f2)
and

(11.7) T(f) = K(f)

by (9.1). The number m of summands of K(f) has
(11.8) m<d

where d = deg f.

12. Discriminants and Resultants of Polynomials. Given a nonconstant
polynomial f € R[X], let D(f) be its discriminant when deg f > 1, and D(f) =1
when deg f = 1. Given nonconstant polynomials f,g € R[X], let R(f,g) be their
resultant. It is easily checked that for nonconstant polynomials fi, fa, g,

D(fif2) = D(f)D(f2)R(f1, f2)%. R(fife,9) = R(f1,9)R(f2,9)-
Thus the quantities §(f) = ord D(f), p(f,g) = ord R(f, g) have

(12.1) 6(f1f2) = 6(f1) +6(f2) + 2p(f1, f2),
(12.2) p(f1f2,9) = p(f1,9) + p(f2, 9),

where some of these may be 4oc0.

Proposition 12.1. Let f,g in R[X] be primitive and nonconstant. Then
(12.3) 6(K(f)) = o6(f),

(12.4) P(E(f), K(9)) = p(f,9)-

Proof. In view of the relations (7.1), (7.2) for stalk sums and the corresponding
relations (12.1), (12.2) for polynomials, and in view of (11.6), we may restrict
ourselves to polynomials f, g which are primitive and irreducible (over the quotient
field F of R).

We begin with (12.3). When f is of degree 1, then K(f) has at most one
summand, so that 6(&(f)) = 0 and (12.3) is true. When deg f > 1 and the roots
of f have absolute value > 1, then K = 0 and again §(K(f)) = 0. We are left with
the case when f is of degree d > 1 and its roots &,... ,&; have common absolute
value < 1. With suitable y € R we have (11.3), so that

(12.5) ly—&l=2""  (i=1,...,d).
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Then K(f) = (K (yx) +nK(yy ) with £+ n = d. Therefore
S(K(f) =Ll —1DA+n(n—1)(A=1)+2In(A—1)

(d—1D(A=1d+¢)—£(d—-2)

Sd-1)((A=1)d+/{)=(d—-1)hrf

by (11.5). On the other hand, |¢§; —&;| < 27"/¢ by (12.5), and the leading coefficient
of f has modulus 1, so that

5(f) = ord D(f) 2 d(d — 1)h/e = (d — 1)hf.

Now (12.3) follows.
As for (12.4), write

fX)=cX=&) (X =&), 9(X)=c (X =m)-- (X —na)

in a suitable field extension. We note that K(f) = 0 or K(g) = 0 if the roots ;
of f or the roots 7; of g have absolute value > 1. Then p(E(f), K( )) = 0 and
we are done. We suppose, then, that the roots of f as well as of g have absolute
values £ 1. We assume initially that d > 1, d’ > 1. We have (12.5) and similarly
ly' —m;| =27"/¢ (1 £j < d) for suitable y, ¢ in R. Further, K(f)=(K+nK~,
K(g) =V'K'+n'K'™ with K = K(y»), K' = K(y,,) for suitable A, p.

Suppose at first that K N K’ is properly contained in K as well as in K’. Then
MENK)=XME " NK)=AXKNK"~)=ANK"NK'") = v, say, where v <
min(A, ). We have p(K(f), K(g)) = dd'v. On the other hand |y — y'| = 27", and
since v £ A—1 < h/e by (11.4), similarly v < b/ /€, we have |§;—n;| = [y—y'| =277
(14 < d, 1< j=d), sothat p(f,g) =dd'v, and (12.4) holds with equality.

We now suppose that K N K’ is not properly contained in both K and K’;
say K N K' = K, so that K C K'; therefore A £ . We have A\(K N K') = )
AMENK7)S A and (K- NK')=AK~ NK'")=\-—1; therefore

PUK(f), K (g)) < td'A+nd (A —1) = d'(d\ —n).

When A < p we have h/e < A < p—1 < h'/e/, and when A = p, so that
K = K', we may suppose without loss of generality that h/e < h'/e’. The infinite
chains corresponding to y, 3’ both contain K, and therefore |y — y/| < 27*. Since
ly — &l =271 |y —n;| = 277/¢ | we obtain |& — n;| £ 27"/¢, and therefore

p(f.g) Z dd'hje=dhf=d(d\—d+L)=d(d\—n)

by (11.5). So (12.4) follows.

We have assumed that d > 1, d’ > 1. But when, e.g., d = 1, the construction
of K(f) follows the same pattern as before, if we set e = f =1,/ =1, n =0 and
h = X = 0o. We leave the details to the reader. B O

13. Proof of Theorems C and C’. For Theorem C we will again work in the
more general framework of complete discrete valuation rings R. When f(X) =
7" fo(X) with fo primitive, we have T'(f) = L"K"(fo). Here K(fo) hasm < d =
deg f summands by (11.8). We have 6(K(fo)) = 0(fo) by (12.3), and we have
8(f) = (2d — 2)n + 6(fo), so that d = 2 yields

n+6(K(fo)) = 6(f).



630 WOLFGANG M. SCHMIDT AND C. L. STEWART

Given n, the number of isomorphism classes of trees T'(fp) where fy runs through
primitive polynomials with §(fo) < 6 is < ¢6(d)6~! by Theorem 7.1 and (11.7).
Taking the sum over n < §, we obtain the bound ¢;(d)é? of Theorem C.

When n,aq,...,a4-1 satisfy (6.10) (but with d in place of m), the polynomial

fX)y=n"(X —7%) (X — 7% )X

has T'(f) = L"K* with K a stalk sum as described in section 6. Here

(13.1) 6(f)=@2d—2n+2((d—1)a1 + (d—2)ag + - - + ag—1).

The number of d-tuples n,ai,... ,aq_1 with 0 <n <a; < --- < ag_1 and with the
right hand side of (13.1) below § is = ¢7(d)6¢ when ¢ is large. By what we have said
in section 6, different d-tuples n,a1,...,a4—1 give rise to different Poincaré series
for f. Therefore as f ranges through polynomials of degree d (where d = 2) and
with 6(f) < 6, we obtain at least c7(d)é? different Poincaré series, and therefore at
least that many nonisomorphic trees T'(f). This proves Theorem C.

We now turn to Theorem C’. In section 7 we defined isomorphisms of polynomial
sums. We allowed reorderings of the summands. Now given ordered m-tuples
(Ki,...,K,) of stalks, we will say (K71, ..., K,,) and (Hy, ..., H,,) are isomorphic
if there is a map ¥ : |JK; — |JH; whose restriction to K; is an isomorphism
K; — H; (i=1,...,m). Each stalk sum with m summands gives rise to at most
m! ordered m-tuples, so that as a variation on Theorem 7.1 we see that there are
< cg(m)é™~! isomorphism classes of ordered m-tuples of stalks of discriminant < 6.

Now let f be a polynomial of degree d > 0 in Z[X], and write

(13.2) JX) =p" (X)) fo(X)™,
where f1, ..., fs are nonproportional polynomials which are irreducible over QQ, and
whose coefficients lie in Z but are not all divisible by p. Say K(f;) = Ki®- - -®Kim,.
The number of possibilities for s,eq,...,es,m1,... , Mg is under a bound co(d).
From now on we will consider those quantities fixed. Set

9(X) = fr(X) - fo(X).
Then the height H(g) of g, i.e., the maximum modulus of its coefficients, has
H(g) £ cio(d)H(f) £ c10(d)H. The discriminant D(g) is # 0, and has |D(g)| <
c11(d)H?%72 50 that its p-adic order §(g) < c12(d)((log H/ logp) +1). By Theorem
7.1, the number of isomorphism classes of stalk sums K(g) = K(f1) ®--- © K(fs)
is
< cr3(d)((log H/ logp) ™" +1).
By the variation on Theorem 7.1 given above, the number of isomorphism classes
of ordered tuples
(K117 L) 7Klm17 L) 7K817' . 7Ksm3>

is still under this bound, provided ¢13(d) is replaced by a suitable larger constant.
Given the class of this tuple, and given ey, ... ,es, the isomorphism class of

g( 151 .. fﬁS) = (Kll .. 'Klml)el - (Ksl .. .Ksms)es
is determined. Since there are < (log H/logp) + 1 possibilities for the extra pa-

rameter n in (13.2), the upper bound (4) of Theorem C’ is established. That this
bound is essentially best possible is seen by considering polynomials

pr(X —p™)-- (X —pth)X.
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14. The Poincaré Series of f. Suppose our ring R has a residue class field
of finite order p (a prime power!). For example, R = Z, where p is a prime, or
R = K[[X]] where k is a field of cardinality p. The Poincaré series of f is the
Poincaré series of T'(f), and is

Br(2) =D IT(f)al 2.
A=0

By Theorems 6.1 and B, this series lies in Q(Z). As is well known by deep work
of Igusa, and reproved by Denef, this is also true in the considerably more difficult
case of polynomials in several variables.

Recall that |T'(f)a| is the number of solutions of f(z) = 0 (mod p*). Proposition
6.4 yields

(14.1) digy|T'(f)a] = deg f
for nonconstant f. Theorem 8.1 gives
(14.2) IT(F)al < 2p°% +d -2,

where deg f = d > 0 and ¢ is the p-adic order of the discriminant of f.
The Poincaré series has a different interpretation when R = k[[X]] where k is
infinite. Recall from (6.1):

(14.3) = |J FuN).

u€T(N)
Here u is a polynomial v = u(X) (mod XM®), and F’(u, \) consists of polynomials
t(&X) (modulo X*) having t(X) = u(X) (mod X ). Therefore F’(u, ) is a linear
submanifold of Uy of dimension A — A(u). Since k is infinite, the decomposition of
T into a finite union of linear submanifolds is unique.

Theorem 14.1. Suppose R = k[[X]] where k is infinite, and suppose f € R[X].
Then for each X\, T'(f)x is a finite union of linear submanifolds My, , ... , My () of
Uy. Set P\(z) = Z:l:(/}) 2%, where ¢; = dim M), , and set P(z, Z) = > 5., Pa(2)Z7.
Then B(z, Z) lies in Q(z,Z).

The proof is obvious, since the M), are the F'(u, \) with v € T'(f)()), and since
by (6.4), (6.5), B(z, Z) is the Poincaré series of T'(f), which is rational by Theorems
6.1 and B.

15. Width and Continued Fractions. Our main theorem here can be stated
in the context of stalks:

Theorem 15.1. Let U be a universal tree of finite valence p, which need not be a
prime. Let
(15.1) T=Ky---Kn,

be a product of m = 1 stalks. Given A > 0, write \/m as a reqular continued
fraction:

1

A/m =cy +
/ 0 01+

+1/cn
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with n odd. Then if p 2 m, we have
(152) |T)\| g Clp)‘_CO_l + CSpA_CU_Q_l 4+ .. 4 Cnp)\_CO_CZ_”'_C”*1_1,

This bound is best possible for every A > 0, m > 0 and p =2 m. But we will show
this only when p is a prime, in section 16 in the context of polynomial trees.

The cardinality |T| can only decrease if some factors in (15.1) are removed, and
therefore the bound (15.2) remains valid when T is a product of < m stalks. Since
for a polynomial f we have m = m(K(f)) < d = deg f, Theorem D follows.

Corollary. Define my by A = mco + ma, so that \/m = ¢y + (m1/m). Note that
1<mi1 Em. Then

(15.3) ITy| £ (m/my)p 0L

In particular, |T| £ mp*~¢~L. This is the same bound as in Stewart [2, (44)]
in the context of polynomial trees, since his exponent is [A(m — 1)/m] = X\ — ¢o +
[-m1/m] = X —cg — 1. Our Corollary yields the Corollary to Theorem D.

Deduction of the Corollary. Introduce the notation

1
lao) = ao, lag,a1,...,a¢ = ao+
a1+
+1/ag
for reals a;, with a1, a2, ... positive. Our hypothesis then becomes
(15.4) A/m = [co,c1,... ).
Define mg, m1, ... ,m, by mg =m, A\ = mocg + mq,
(15.5) Mi—9 = M;_1Ci—1 +M; (2Zi<n).

Then each m; € Z and
A/m = A/mg = co+ 1/(mo/m1) = [co, mo/m1] = -~
=[co, .-y Cim1,mi—1/M)
=[co,-- s Cne1,Mp—1/mMp]

for i in 1 £ ¢ £ n. Comparison with (15.4) gives

(15.6) mi—1/m; = [¢iy. .. ,Cn] (1<i<n).
Therefore
1 i—1— My .
(15.7) ¢ =mi_1/mi— _ i mmin) gy,
[Ci+1, e ,Cn] m;

but ¢, = mp—1/my,.
We will show that for odd g in 1 £ g < n,

(15.8)
|T)\| é clp)\—co—l N Cg_Qp)\—co_..._cg,_g—l + (mg_l/mg)p)‘_c"""—cgfl—l,

which for ¢ = 1 is to be interpreted as (15.3). When g = n, (15.8) is the same
as (15.2), since ¢, = my—1/my. To do induction down from g to g — 2 (assuming
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g 2 3) it will suffice to show that Ay, = 0, where A, is the difference of the right

hand sides of (15.8) for g — 2 and for ¢g. But

p_A+CO+m+Cgf3+lAg = (mg—3/mg—2) — cg—2 — (Mg—1/mg)p~“~"
Z (mg-—3/mg—2) — (Mg—3 —mg_1)/mg_2 — (mg—l/mg)]?_l =20

by (15.7) and since mgp 2 p 2 m 2 mgy_s.

Proof of Theorem 15.1. Set K = K1 ®---® Ky,. Let TT(A) be the set of section 8;

say TT(X\) = {u1,... ,u¢}. Then in particular, uq, ... ,uy are incompatible vertices
of KiU---UK,,. We recall
(15.9) wi=A—Au) (E=1,...,0
and formula (8.4):
¢
(15.10) Ta| = p*.
i=1

By relabeling the stalks of K we may suppose that u; lies precisely on the stalks
Ki1,... , K. The stalks K;; (1S4i< 40,15 j < ¢;) are among the summands of
K, and Kj, Ky jo for i # i’ are distinct by the incompatibility of u;, u; . Therefore
(15.11) QA4 F+qSm
We may suppose that qg; = -+ 2 q.

Let mg,m1,...,m, be as above. Then m = mg > mq -+ > My_1 = My, with

Mp—1 = My, precisely if ¢, = 1. In what follows, g, h will be odd integers. We have

A=mocp+my =---

(15.12) =mgco +maca + -+ Mmg_1cg—1 + My (1<g=<n),
mo =micy +mg ="---

(15.13) =myci +macs+ -+ Mgy + Mgi1 (1<g<n)

where we set my 11 = 0. Define

(15.14) e.1=0, eg=c1+ecz+---+cg (1Zg<n),

(15.15) f2=0, fo1=cotcat+-+ecg1 (1=g=n)

For 1 < g < n, let A, be the following assertion.
(a) The estimate (15.2) is true if £ < eq.
(b) The estimate (15.2) is true if £ 2 e and if ge, < mg or Nu;) > fg—1+1 for
some j in eg_o < j = eg.
(c) When € 2 eg, then
pri < Clp)‘_fo_l R cgp)\—fgfl—l'
i=1
Now Aj, As, ..., A, imply (15.2) as follows. By (a) we may suppose that £ = e,,.
By (b) we may suppose that g., = my (1 < g < n), so that
Gt gt ot g, Z e+ (63 —e)mat+ -+ (eg — eg_2)my
(15.16) =cimi +c3ms+ -+ cgmy

=m—Mgi1
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by the ordering ¢ 2 g2 = --- and by (15.13). Applying this with g = n, recalling
that m,4+1 = 0 and comparing with (15.11), we obtain £ = e,. Now (15.2) follows
from (15.10) and part (c) of A,,. O

Before proceeding further we insert the following. For any real number z let [z]
denote the smallest integer greater than or equal to x.

Lemma 15.2. Given integers m > 0, \, b, set
o(v) = min(A —v,v(m — 1) + b).

Set v1 = [(A = b)/m]. Then for v € Z we have p(v) < @(11) = A —v1. When
v > 1y we have p(v) S\ —v; — 1.

Proof. The maximum of ¢(v) for v € R is taken at v = (A — b)/m, and the
maximum for v € Z is taken at ;1 or vy = [(A — b)/m]. Here p(11) = X — 1y,
o(vg) = vo(m — 1) + b, and

o) —evg) =A=b—my+1vy— 11
= A= b= ml(A—b)/m] + [(A = b)/m] — [(\ — b)/m]
>0

since A — b is an integer. Therefore the maximum of ¢(v) for v € Z is taken at
v=u,and is (1) =X —1vy. When v > vy, then p(v) =A—v<A—1y—1. O

We will now in turn prove Ay, As, ..., A,. We will prove Ay, assuming that
either g = —1 or that 1 = g < n —2 and Ay, As, ... , Ay have been established. In
the latter case we may suppose that £ = e, and that (15.16) holds. Then in view
of (15.11),

(15.17) Qeg+1+ -+ q S mgyq.
When g = —1 this is the same as (15.11).
Lemma 15.3. For e, < i < ¢ and w; given by (15.9),
wi S A= for1 = 1= [(mgy2 — qi)/mgy1].

Proof. Write 7 = 7k, 0 = ok. Then

g
(15.18) o(u)= Y Tt)=Tw)+ > Tp
{0y<t<u; h=-1
where
¥, = Z 7(t) when —1<h<g-—2,
{0} <t<u;

Frh—1 <A®) S frpr

Se= Yy, 7).
{0}<t<u;
fg*1<)‘(t)
Suppose h < g and {0} < t < u;, fr—1 < A(t). Now if 1 £ j < e, (only possible if
g=hz=1),saye._o<j=<e. where 1 £ r < h with r odd, then we may suppose
by part (b) of A, that Au;) < fr—1 +1 S frm1+1 S A(2). Since j Sep Sey <4
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and therefore u;,u; are incompatible, also u;,t¢ are incompatible, and the stalks
Kj, (1 £ v = gj) containing u; do not contain ¢. Therefore when f,_1 < A(t),
(15.19) T)=m—(q1+  +de,) = Mpg1

by (15.16), which is true by induction with g replaced by h < g. Note that (15.19)
is trivially true for h = —1. We may conclude that for —1 < h < g — 2,

(15.20) Sh = (fnt1 = fo-1)Mhg1 = Chy1mpr.
Now suppose that
(15.21) fo—1 = Mui) = 1.

Then by (15.19),

g = (Mug) = fg—1 — Dmgya.
Since 7(u;) = gi, (15.18), (15.20) and (15.12) yield

o(ui) = qi +como + -+ +cg1mg1 + (Mug) — fg—1 — 1)mgya
=qi+A—mg+ (ANui) — fg—1 — L)mgy1.
The vertices u; had A < o(u;) by the definition of TT(\) (see section 8), and
therefore
wi = A — AMu;) = min(A — X(w;), AMw;)(mg41 — 1) + b;)
with b; = ¢; + A — mg — mgy1(fg—1 +1). By Lemma 15.2, w; £ X — v(i), where
v(i) = [(A—b;)/mg41]. But
A=bi=mgy1(fg-1+1)+my —q

=mgi1(fg—1+ 14 cge1) +mgi2 — i

=mgi1(fg+1 + 1) +mgi2 — g,
so that
(15.22) v(i) = for1 + 1+ [(mgi2 — ¢i) /mg41]
and

wi S A= fop1 — 1= [(mg12 — ¢;)/mgs1],

as asserted in the Lemma. This holds when (15.21) is valid.
We will show that (15.21) is always valid, i.e., that fy—1 = A(u;) is impossible.
For in that case £, = 0, and in view of (15.19),

Yg2 = Z 7(t)

{0}<t<u;
fo—3<A(t)Sfg—1

S (fo—1 = fo—3)mg—1 = cg_1my1,
so that by (15.18), (15.20), (15.12),
o(ui) £ ¢ +como + -+ + cg—3mg_3 + cg_1Myg_1
=q +\—my.
By hypothesis ¢ > ey, so that ¢; < mg11 < mg by (15.17), and therefore o(u;) <

A, contradicting the fact that we had o(u;) = A. The proof of the lemma is
complete. O
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When e, < i < ¢, we have ¢; < mgyq from (15.17); therefore

0 when ¢; 2 mgyyo,

1 when ¢; < mg4o.

(15.23) [(mgy2 — qi)/mgs1] = {

Therefore by Lemma 15.3,

< A= fg41 — 1 when ¢; 2 myyo,
W; >
A — fg+1 — 2 when ¢; < mgyo.

Set a = 0 if ge, < mgy2; otherwise let a be largest integer with e; +a < /£
and Ge,4a = Mgy2. By (15.17), amgia < mgy1, so that a S mgyi/myie =
[g42; .- ,cn] by (15.6), and therefore

(15.24) a < cgyo.
(Note that n = g+ 2 or n = g+ 4.) We obtain

- A— fg41 — 1 when ey <i < ey +a,
w; <
"TIA—fyr1—2whene, +a<i< L

Using the last assertion of Lemma 15.2 we can modify Lemma 15.3 to get
wi A= fgr1—2

also when e, < i < e, + a and A(u;) 2 v(i) + 1, which by (15.22), (15.23) is the
same as A(u;) 2 fgr1 + 2.
By part (c) of Ay (when g 2 1) we see that

14 e 14
(15.25) S gichpx—fhfl—w S
i=1 h=1

i=eg+1
when g = —1 this is trivially true if we understand the first sum on the right hand
side to be 0. The second summand on the right hand side is

S(a—g)pM Tty (—atep o2,

where we set ¢ = 1 if a > 0 and A(u;) 2= fg41+2 for some i in ey < i < ey +a, and
€ = 0 otherwise. Now when

(15.26) a—¢e < Cgta,

the second summand is
g Cg+2p)\_fg+1_l —p/\_f9+1_1 + [p)‘—ngrl—?

A— -1
é Cg+2DP fotr )

since p 2 m 2 ¢, and then (15.2) follows from (15.10), (15.25).

When ¢ < egy2, we have eg +a = £ < eg49; therefore a < cgq2, and (15.26)
holds. This establishes part (a) of Agyo. When £ 2 eg42 and ge, ., < mgi2, then
a < egy2 — €g = Cg12 and again (15.26) holds. When ¢ 2 e419 and a = ¢442 (note
(15.24)!) and if A(u;) 2 fg+1 +2 for some ¢ in ey < i < ey + a = eg49, then € > 0,
whence (15.26) and (15.2) hold. This gives part (b) of assertion Ag442. Finally
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wi £ X — fg+1 — 1 for i > e4, so that by the truth of part (c) of A, (or trivially
when g = —1)

€g+2 €g €g+2
N - I N
i=1 i=1 i=eg+1

g
é Z ChpA—fh—l—l + Cg+2p>\_fg+1—17
h=1

which is part (c) of Ag4a.

16. Congruences with Many Solutions. We still have to prove that the bound
(7) in Theorem D is best possible. We will retain the notations introduced in the
preceding section. From (15.5) we infer that for odd g, 1 £ g S n— 2,

(16.1)
Mg—1 = CgMg + Mgy1 =+ = CgMg + Cgr2Mgi2 + +++ + Cp—2Mp_2 + CpMy.

Set a; = 0 and, for odd g,
ag = cymq fo+csmafo+ -+ cg_omg_afg_3 (3= g=
by = fg-1(cgmg + cgromgia + -+ cpmn) +my (1=
Lemma 16.1. a; +b; =X (1= g <n).
Proof. By (15.13) with g = n,
by = fg—1(m —cimy — - — cg_amg_2) +my,

with the interpretation that by = fom + my. Therefore ay + by = com +mq = A
When g 2 3, we note that a; — ag—2 = cg—2mgy—2fy—3 and

bg —bg—2 = (fg—3 + cg—1)(cgmg + -+ + camy) +my
— fo—s(cg—amg—2 + -+ + camy) — Mg
= cg-1(cgmg + -+ + cnmy) — cg_amg_afg—3 +my —my_2,
so that
ag +bg —ag_3 —byg_2 =cg_1mg_1 —cg_1mg_1 =0

by (15.5), (16.1). The lemma follows by induction from g — 2 to g.

To motivate what follows we wish to point out that the extremal case in the
preceding section was when ¢ = e, and when A(u;) = f,—1 +1, ¢ = my for
eg—2 < j S ey (godd, 1 =g <n). It will be convenient to relabel the u; as ug;
with1 S g=<nand1 =i <S¢y, =ey—eg_2, so that ANug;) = fg—1 + 1, and my
stalks of £ contain each wugy;.

We now begin our construction of a polynomial f € Z[X]. Pick v; <wvz < --- <
vy, in U(p) with A(vg) = fg—1. Next, given g, pick ug (1 £ = ¢q) in U(p) having
Ugi > Vg, Mugi) = fg—1 4+ 1 = Auvg) + 1, and such that wgi, ..., ug,,vg42 are
mutually incompatible when g < n — 2, and just wug,,... ,ug4, are incompatible
when g = n. (See Figure 5.)

Since ¢g+1 < m < p when g £ n—2, and since ¢, < p (with equality only when
n=1, ¢, =p=m/mq,sothat m = p, m; = 1), such a choice is possible. We claim
that with this choice, any two vertices wug;, up; with (g,¢) # (h, j) are incompatible.
This is clear when g = h, and if, say, g < h, then ug;,vg442 are incompatible and
Vgt2 S vp < Upj, so that indeed wg;, up; are incompatible. Given h,i with h odd,
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Un1 Unpc fnfl+1

level
U3y s, h+1
U3 5
T up Uy, fo+1
Uy ¢ fo
{0}y
FIGURE 5

1<h<n,1=4 S e, pick integers Tpiyw € Z (1 £ w £ my,) lying in the residue
class up; (mod pfr-1+1). Set

F(x) = [T~ o).

where the product is over the set S of triples h,i,w with h odd, 1 £ h < n,
1S4 S ep, 1 £ w< my. Then, by the case g = n of (15.13),

n
deg f = Zchmh =m.
h=1

|

Lemma 16.2. Suppose x € Z lies in the residue class ugy; (mod pfo—111), where
1Sg=n,1=j=cy. Then

(16.2) f(z) =0 (modp*).
Proof. We claim that for (h,i,w) € S we have

frn—1 when h < g,
(16.3) ord (z — Thiw) = { fg—1 when h 2 g,

fg—1+ 1 when (h,i) = (g, 7).
When h < g, we observe that vy, < wupi, v < vy < ugj, S0 that (since x €
Ugj, Thiw € Uni, and since A(vp,) = fr—1) indeed ord (z—xpiw) 2 fr—1. When h 2 g,
we similarly have vy < ug;,vy < v, < up;, and therefore ord (z — Thiw) = fy—1.

Finally, when (h,4) = (g, ), we have both x, 2, in the class ug; (mod pfa-1+1),
and (16.3) follows.
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Let S = S’;‘ U Sf, with S;‘,S’QB respectively consisting of triples (h,i,w) with

h < g and with h = g. By (16.3)
ord H(ZL’ — Thiw) Z c1mifo+ -+ cgamg_afy 3 = ay,
SA
g
since for given h there are c;my, choices for 4, w. Similarly

ord H(x — Thiw) 2 fg—1(cgmg + -+ + cnmy) + mg = by.
57

We may conclude that ord f(z) 2 a4 + by = A, and (16.2) follows. O

The number of x (modp*) which lie in the residue class ug; (modpfs—1+1) is
p*~fo-1=1 Since the ug; are pairwise incompatible, we obtain distinct residue

classes = (mod p*) for distinct pairs g, j. We may infer that the number of solutions
of (16.2) is

n Cg
> Zsz—fgﬂ—l =cpr ol et
g=1j=1

By taking m = d we see that the bound (7) is in fact best possible.
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